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Abstrat
We onsider dierent generalizations of the Fokker-Plank-equation devised to de-
sribe Lévy proesses in potential fore elds. We show that suh generalizations
an proeed along dierent lines. On one hand, Lévy statistis an emerge from the
fratal temporal nature of the underlying proess, i.e. a high variability in the rate
of mirosopi events. On the other hand, they may be a diret onsequene of the
sale-free spatial struture on whih the proess evolves. Although both forms on-
sidered lead to Boltzmann equilibrium, the relaxation patterns are quite dierent.
As an example, generalized diusion in a double-well potential is onsidered.
1 Introdution
Random walk proesses leading to anomalous diusion are adequate for de-
sribing various physial situations. The ontinuous time random walk (CTRW)
model of Sher and Montroll [1℄ for instane, leading to strongly sub-diusive
behavior, was a milestone in understanding photoondutivity in strongly dis-
ordered and glassy semiondutors. Due to its simpliity, this model was re-
ently employed to investigate aging phenomena typial for glasses and re-
lated omplex systems [2,3,4,5℄. On the other hand, Lévy-ight models [6℄,
leading to superdiusion, are adequate for the desription of phenomena rang-
ing from transport in heterogeneous atalysis [7℄, self-diusion in mielle sys-
tems [8℄, reations and transport in polymer systems under onformational
motion [9℄, transport proesses in heterogeneous roks [10℄ and the behavior
of dynamial systems [11℄ to ight paths of albatrosses [12℄ and even human
∗
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eye-movements [13℄. Closely related models appear in the desription of eo-
nomi time series [14℄. Lévy-related statistis were observed in hydrodynami
transport [15℄, and in the motion of gold nanolusters on graphite [16℄. In addi-
tion, mixed models were proposed in whih slow temporal evolution (desribed
by Sher-Montroll CTRW) is ombined with the possibility of Lévy-jumps, so
that in general both sub- or superdiusive behavior an arise [17,18℄. Similar-
ily, proesses often referred to as Lévy-walks are based on long-tailed jumps in
ombinations with a time ost to perform them, see for example [6,19℄. Lévy-
walks were introdued in [20℄ to explain aelerated diusion in Josephson
juntions and related haoti systems [21℄.
Typially, the orresponding proesses are desribed on a stohasti level, suh
that the inorporation of boundary onditions, time- or position-dependent
fores leads to onsiderable mathematial diulties.
Conerning ordinary diusion and transport in a stohasti system, the Fokker-
Plank equation (FPE) is an adequate instrument for solving boundary value
or time-dependent problems [22℄. The FPE is an equation for the probability
density funtion (pdf) p(x, t) of the partile's position at time t and reads
∂p(x, t)
∂t
= LFP p = −∇ (µf(x, t)p(x, t)) + κ∆p(x, t). (1)
Here LFP denotes the Fokker-Plank operator, µ and κ are the mobility and
the diusion oeient (assumed to be onstant) and f(x, t) is the external
fore ating on the partile. Note that sine the mobility and the diusion
oeient are onneted via the Einstein relation, κ = kTµ ≡ µ/β, the equa-
tion eetively ontains only one free parameter. Alternatively, eq. (1) may be
reast into a dierent form in the ase of a potential fore f(x, t) = −∇Φ(x, t):
∂p(x, t)
∂t
= κ
e−βΦ/2 ( ∂
∂x
)2
eβΦ/2 p− p eβΦ/2
(
∂
∂x
)2
e−βΦ/2
 , (2)
the equivalene of whih to eq. (1) is easily heked by expanding the dier-
entiations. Obviously, the stationary solution of the FPE (if it exists) is the
Boltzmann distribution, p(x) ∝ exp(−βΦ). Inserting this form into eq. (2) one
readily infers that the two terms entering with opposite signs are equal and
anel.
In order to investigate analogous systems inorporating anomalous diusion,
various generalizations of the FPE were proposed. Conerning subdiusion
the appropriate generalizations an be obtained from CTRW models, for a
general survey see [27℄, as well as from an approah based on frational master
equations [28℄. Conerning superdiusion (Lévy-ights), suh generalizations
typially involve hanging from a gradient and Laplaian to the orresponding
frational derivative. For example, a pure Lévy-ight an be desribed by
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means of the frational diusion equation [23,24,25℄
∂p(x, t)
∂t
= κα∆
α/2p(x, t), (3)
where ∆α/2 is a frational Laplaian, a linear operator, whose ation on a
funtion f(x) in Fourier spae is desribed by ∆α/2f(x) = − (k2)α/2 f(k) =
− |k|α f(k). The oordinate representation of this operator is disussed in Ap-
pendix 1. The solution of eq. (3) in Fourier spae reads:
G(k, t) = exp(−κ |k|α t) (4)
whih in oordinate spae orresponds to a symmetri Lévy stable distribution
G(x, t) =
1
(κt)1/α
L
(
x
(κt)1/α
;α, 0
)
(5)
(we use here the anonial notation, see ref. [26℄). On the other hand, there
is no generi way to generalize the Fokker-Plank operator ontaining an ex-
ternal fore term: For example, the drift term may stay unhanged, may or-
respond to a symmetri or asymmetri frational derivative, or the whole
Fokker-Plank-operator may be raised to the power of α/2. All orrespond-
ing equations have their physial meaning and appliations. The properties
of their solutions dier onsiderably. Moreover, as we proeed to show, other
generalizations are also possible. The situation here is to some extent simi-
lar to one in fratal geometry: What is the generalization of the Eulidean
dimension to the fratal ase? Depending on the system and on the prop-
erty of interest it ould be the fratal dimension, the spetral dimension, or
even a spetrum of dierent dimensions. In what follows we disuss the prop-
erties of some generalization of the FPE to the superdiusive ase leading
to Lévy-ights in the fore-free limit. We will fous on two omplementary
situations, namely one in whih superdiusion stems from fratal temporal
properties of the underlying mirosopi dynamis and another in whih the
spatial struture is responsible for enhaned diusion. We mostly onentrate
on the generalizations of the forms, eq. (1) and eq. (2) whih lead to a Boltz-
mann distribution in equilibrium. We disuss the physial impliations of the
orresponding equations and some properties of their solutions. As a physially
most interesting appliation, a frational generalization of a Kramers problem
in a double-well potential is onsidered. Let us rst turn to the situations
whih an be onsidered as stemming from the fratal temporal behavior.
2 Lévy proesses as stemming from subordination
An important property of symmetri Lévy proesses is the fat that they
are subordinated to ordinary Brownian motion: the orresponding pdf an be
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represented in the form:
p(x, t) =
1
t1/α
L
(
x
t1/α
;α, 0
)
=
∞∫
0
1√
2piτ
exp
(
−x
2
2τ
)
1
t2/α
L
(
τ
t2/α
;
α
2
, 1
)
dτ
(6)
where L (x;α/2, 1) is an extreme (one-sided) Lévy distribution of index α/2 [26℄.
The variable τ is alled the operational time of the proess. The interpretation
of eq. (6) is that Levy-ights an be onsidered as stemming from a highly
irregular sampling trajetories generated by simple diusion (random walk).
This type of temporal behavior plays a very important role in many situations
enountered in physis, suh as anequilibrium phase transitions [29℄. For a
review see [30℄ and referenes therein.
Here, the trajetory of diusion (a random walk in a disrete ase or a Wiener
path in a ontinuous situation) is parameterized by the operational time τ (say,
the number of steps of the random walk), whih itself is a random funtion
of the (physial) time. The random proess τ(t) is a proess with positive
inrements, and the distribution of τ(t) is given by a one-sided Lévy law.
Thus, the inrease ∆τ of the operational time per physial time unit is given
by a one-sided Lévy-distribution, p(∆τ) = L (∆τ ;α/2, 1) having a power-law
tail, p(∆τ) ∝ τ−1−α/2.
The orresponding situation is depited in g. 1. Here a Lévy-ight of N = 100
steps is generated as follows. One generates a sequene {ni} (i = 1, 2, ..., N) of
the numbers of steps between the observation instants and plots a realization
of a simple random walk of M =
∑N
i=1 ni steps. The turning points of a Lévy-
ight are then the positions of a random walker after mk steps, mk =
∑k
i=1 ni.
Fig. 1 orresponds to a proess subordinated to a random walk under the
operational time given by
p(ni) =
1√
pin
3/2
i
exp
(
− 1
2ni
)
. (7)
The overall pdf of the proess p(x, t) is then given approximately by a Cauhy
distribution,
p(x, t) =
∞∑
n=0
1√
2pin
exp
(
−x
2
2n
)
t√
pin3/2
exp
(
− t
2
2n
)
≃
≃
∞∫
0
1√
2pin
exp
(
−x
2
2n
)
t√
pin3/2
exp
(
− t
2
2n
)
dn =
t
pi(t2 + x2)
. (8)
Although this ontinuous approximation is valid here, some are must be taken
in the general ase when sums over steps in random walks are replaed by
4
Figure 1. The mehanism of subordination: Lévy-ights an be onsidered as stem-
ming from a (highly inhomogeneous) random sampling of a simple random walk.
integral, see for example [31℄. Applying the subordination proedure to the
general, biased diusive proess, one is lead to the generalization of the FPE,
in whih the entire Fokker-Plank-operator is raised to the power α/2:
∂p
∂t
= − (−LFP )α/2 p (9)
as shown in [32℄. The generalized Fokker-Plank operator Lα = − (−LFP )α/2
ommutes with LFP and shares with it the same set of the eigenfuntions
φi. The orresponding eigenvalues Λi of the operator Lα are onneted with
those of LFP via Λi = −(−λi)α/2. Sine the eigenvalues λi of LFP are real and
nonpositive, this is true for the Λi as well. Eq. (9) follows from the subordina-
tion proedure just in the same way as a Cauhy distribution followed from a
Gaussian distribution in the example given above. Let us onsider a spetral
representation of the solution of the FPE,
g(x, τ) =
∑
i
φi(x)e
−|λi|τ . (10)
The subordination proedure applied to this solution leads to
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p(x, t) =
∫
g(x, τ)
1
t2/α
L
(
τ
t2/α
;
α
2
, 1
)
dτ = (11)
=
∑
i
φi(x)
∫
e−|λi|τL
(
τ
t2/α
;
α
2
, 1
)
dτ
=
∑
i
φi(x)e
−|λi|
αt,
due to a well-known property of the Laplae-transforms of one-sided Lévy dis-
tributions [26℄. Note that the eigenfuntion φ0 orresponding to a zero eigen-
value (if any) is a stationary distribution, whih is the same (i.e. a Boltzmann
distribution) for the normal and for the generalized proess. The spetral de-
omposition of solutions of eq. (9) given by eq. (11) is inorporated in our
numerial proedure for the solution of superdiusive FPE in a potential eld
onsidered in setion 4.
Eq. (9) an also be interpreted within the Langevin sheme, whih laries
the irumstanes under whih Boltzmann statistis may or may not appear
when superdiusive generalizations of the FPEs are introdued. Let us rst
onsider a purely diusive situation without external fore. In the ontinuous
limit (orresponding to averaging over the time periods whih are short enough
to onsider all parameters onstant but during whih many steps of a random
walk are performed), the system's development in its operational time is given
by a Langevin equation
d
dτ
x(τ) =
√
2κξ(τ) (12)
where ξ(τ) is a δ-orrelated Gaussian noise with zero mean and with unit
dispersion. Subordination requires that
dτ
dt
= λ(t), (13)
where λ(t) is a one-sided Lévy proess of index α/2. The resulting proess is
thus desribed by a Langevin equation
dx
dt
=
dτ
dt
d
dτ
x(τ) =
√
2κλ(t)ξ(τ(t)), (14)
where τ(t) is a monotonously inreasing random funtion whih is hang-
ing slowly on the sale on whih ξ(τ) is orrelated. This suggests that the
random proess ξ(τ(t)) is a Gaussian one, has zero mean and dispersion
〈ξ(τ(t))ξ(τ(t′))〉 = δ (τ(t)− τ(t′)) = (dτ/dt)−1δ(t − t′) = λ(t)−1δ(t − t′),
indiating that the proess x(t) an be formally represented by a Langevin
equation
x˙(t) =
√
2κλ(t)η(t) (15)
where η(t) is a δ-orrelated Gaussian noise with zero mean and unit dispersion.
From this equation, a FPE of the type of eq. (3) follows along the usual lines.
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Physially, suh strongly inhomogeneous behavior an be attributed to random
utuations of the mobility or of the temperature or of the both: κ(t) =
κλ(t) = kµ(t)T (t). Let us return to the full proess desribed by a Langevin
equation
x˙(t) = µf +
√
2µkTξ(t) (16)
with a potential fore f(x, t) = −∇U(x, t). Here the situations orresponding
to the utuations in temperature and to ones in mobility dier vastly. Keeping
the temperature onstant and letting µ utuate leads to a proess subordi-
nated to a biased random walk, whih is desribed by a Langevin equation
x˙(t) = µ(t)f +
√
2µ(t)kTξ(t) (17)
where µ(t) is now a strongly utuating random funtion, whose distribution
is given by a one-sided Lévy law. The orresponding pdf is governed exatly
by a frational Fokker-Plank equation, eq. (9) derived above. This equation
shows a relaxation to a normal Boltzmann distribution, whih is not surprising
sine the orresponding sheme desribes a system showing detailed balane
at given, xed temperature T . Note that although the equilibrium properties
of the system are usual, its relaxation properties are not, see ref. [34℄ for a
detailed disussion. Thus, it does not exhibit linear response to a onstant
external eld, and, moreover, sine the orresponding pdf neither possesses
the seond moment nor sales, no reasonable generalization of the Einstein's
relation exists. The same is valid for the model of topologial superdiusion
disussed below. On the other hand, as we proeed to show, the behavior of
both models in onning potentials suh as a harmoni or a double-well one,
is not as exoti (vide infra).
The situation under utuating temperature is vastly dierent: a system with
utuating temperature must not show Boltzmann statistis at equilibrium (if
any). Let us mention that under ertain irumstanes the distributions given
by Langevin equations with utuating parameters approah ones given by
Tsallis statistis [35℄, i.e. ones stemming from a thermodynami onstrut in
whih the entropy is non-extensive and thus the onept of temperature an
not be introdued in a usual way.
In our ase, utuations in temperature do not aet the rst term, i.e. the
deterministi motion and lead (after performing usual steps) to a frational
Fokker-Plank equation (FFPE) in the form:
∂p
∂t
= − ∂
∂x
(µfp) + κ∆α/2p, (18)
whose solutions are disussed in ref. [36℄.
7
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Figure 2. Random walk of a partile on a heterogeneous polymer subjeted to fast
onformational hanges. The polymer onsist of dierent types of monomers denoted
by the symbols along the hain (top). Eah monomer is assoiated with an intrinsi
potential Φ(x). Due to onformational hanges, the walker may jump between two
sites nearby in Eulidean spae but far apart along the hemial sequene of the
polymer.
3 Topologially indued superdiusion
Complementary to the situation disussed in the previous setion in whih
superdiusion originates from fratal temporal behavior, we will disuss the
frational generalization of the FPE adequate for the desription of diusion
on sale-free strutures. Contrary to the situation investigated in the previous
setion in whih superdiusion is aused by a fratal sampling of an otherwise
ontinuous path, we will fous on the limiting behavior of a master equation
desribing a Markovian jump proess in whih transitions are aused by ther-
mal hopping between energetially dierent states on a topologially omplex
struture, ref. [9℄.
As a model system, we onsider a heteropolymer in solution depited in g. 2.
We fous on the dynamis of a test partile performing thermally ativated
motion along the linear hemial oordinate axis x of the polymer. If the
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polymer is xed at full extend, thermal ativation auses the partile to hop
at a rate 1/τD from a given site to a neighboring site with a probability
determined by the energy dierene within a given mononer pair. However, a
polymer in solution is subjeted to thermal onformational hanges ourring
on a time sale τG. The onformational hanges allow sites whih are far apart
along the hemial sequene to ome lose in Eulidian spae, as indiated in
gure 2: For simpliity, a Gaussian hain (orresponding to a Rouse dynamis)
an be onsidered, moreover, the onformational hanges will be taken fast
enough on the sale τD. In this ase the partile may jump from a given site x
to a site y far apart with a rate proportional to the probability that the sites
x and y have ome lose in the given time interval. In our ase, the probability
of suh event is prortional to |x−y|−3/2. As we proeed to show, the frational
generalization of the Fokker-Plank equation orresponding to the situation
depited above diers from the ones onsidered so far.
The system introdued above an be modeled by a Markovian jump proess
governed by a temporally homogeneous master equation
∂p(x, t)
∂t
=
∫
dy [w(x|y)p(y, t)− w(y|x)p(x, t)] , (19)
in whih the rates w(x|y) are determined by the short time behavior of the
onditional probability to make a transition y → x
w(x|y) ≡ lim
∆t→0
1
∆t
p(x, t+∆t|y, t). (20)
Let us mention here, that in eq.(20) the rates w(x|y) may be singular and
may even defy normalizability. The Cauhy proess for example is dened by
w(x|y) = 1/pi(x − y)−2. If, on the other hand, ∫ dxw(x|y) = onst, exists the
onstant an be fatored out and absorbed by a resaling of the time. In this
ase the proess is a pure jump proess, onseutive jumps are seperated by
time periods during whih the random proess is onstant, in ontrast to the
Cauhy proess realizations of whih are disontinuous almost everywhere.
In our example the oordinate x represents the hemial oordinate along the
polymer hain. The reasoning above suggests a rate of the form
w(x|y) = 1
τ0
e−β[Φ(x)−Φ(y)]/2 f(x− y). (21)
The right hand side of eq. (21) onsists of the thermal omponent exp(−β[Φ(x)−
Φ(y)]/2) aounting for the fat that transitions between energetially dier-
ent states are less likely to our if the potential dierene Φ(x)−Φ(y) is high.
The seond fator, f(x− y) represents the probability of states with hemial
oordinates x and y to be nearby in Eulidean spae, i.e. this term aounts for
the geometrial omplexity of the system. Due to the translational invariane
9
and symmetry of the system in Eulidean spae this term is symmetri and
depends on the distane |x− y| only. Obviously, a system dened by a rate
(21) fullls detailed balane, harateristi of systems in thermal equilibrium.
Note also that the stationary solution of Eq. (19) with the rates given by (21)
is the Boltzmann distribution
ps(x) ∝ e−βΦ(x). (22)
It is instrutive to onsider a fully extended polymer of total length L. In this
ase only nearest neighbor hopping ours, i.e.
f(x) =
1
2
(δ(x− σ) + δ(x+ σ)) . (23)
In (23) σ ≪ L is the spaing between adjaent monomers. Setting qt(x) ≡
eβΦ(x)/2p(x, t) and s(x) ≡ e−βΦ(x)/2 the master equation (19) redues to:
∂p(x, t)
∂t
=
1
2τ0
s(x) {qt(x+ σ) + qt(x− σ)} (24)
− 1
2τ0
qt(x) {s(x+ σ) + s(x− σ)} (25)
=
σ2
2τ0
s(x)
{
qt(x+ σ) + qt(x− σ)− 2qt(x)
σ2
}
(26)
− σ
2
2τ0
qt(x)
{
s(x+ σ) + s(x− σ)− 2s(x)
σ2
}
(27)
Now letting τ0, σ → 0 suh that σ2/τ0 → 2D we obtain (Φ ≡ Φ(x), p ≡ p(x, t))
∂p
∂t
=LG p (28)
= e−βΦ/2
(
∂
∂x
)2
eβΦ/2 p− p eβΦ/2
(
∂
∂x
)2
e−βΦ/2, (29)
i.e. equation (2). Therfore, the dynamis of a partile on a fully extended
polymer is governed by ordinary diusion.
Let us now return to a exible polymer performing onformational hanges.
In this ase the geometrial fator in the rate (21), f(x− y) follows a power-
law [9℄. Thene, we investigate the ase of long-tailed transition rates. Let
f(x) =

Cµ|x|−(1+µ) |x| > ε > 0
0 otherwise
(30)
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with Cµ = Γ(1 + µ) sin(piµ/2)/pi and 0 < µ ≤ 2. Here ε is the minimal jump
length, whih substitutes a xed jump length σ of our previous example. Note
that we do not require f(x) in (30) to be normalized to unity. Any prefator
independent of ε ours in both terms in the master equation (19) and an
be absorbed as a time onstant. The partiular hoie of Cµ will beome lear
below. Inserting (30) into (21) gives
∂p(x, t)
∂t
=Cµ
e−βΦ(x)/2
∫
|x−y|>ε
dy
eβΦ(y)/2p(y, t)
|x− y|1+µ
− eβΦ(x)/2p(x, t)
∫
|x−y|>ε
dy
e−βΦ(y)/2
|x− y|1+µ
 (31)
In the limit ε → 0 (31) beomes (for notational ease we set s(x) ≡ e−βΦ(x)/2,
q(x, t) = p(x, t)/s(x))
∂p(x, t)
∂t
= lim
ε→0
Cµ
s(x)
∫
|x−y|>ε
dy
q(y, t)
|x− y|1+µ− (32)
− q(x, t)
∫
|x−y|>ε
dy
s(y)
|x− y|1+µ

= lim
ε→0
Cµ
s(x)
∫
|x−y|>ε
dy
q(y, t)− q(x, t)
|x− y|1+µ (33)
− q(x, t)
∫
|x−y|>ε
dy
s(y)− s(x)
|x− y|1+µ

=Cµ
{
s(x)
∫
dy
q(y, t)− q(x, t)
|x− y|1+µ (34)
− q(x, t)
∫
dy
s(y)− s(x)
|x− y|1+µ
}
.
Note, that in the limit the resulting rates w(x|y) are not normalizable. There-
fore, as mentioned earlier, the proess is not a pure jump proess in this limit.
Impliitely, in the limit arried out above, not only the minimal step size ε but
also the typial waiting time τw(y) = (
∫
dxw(x|y))−1 at position y vanishes,
beause of the singular nature of the rate w(x|y) in this limit. However, the
limit an be arried out sine the resultant singularities anel and eq.(34) an
be interpreted onsistently.
The integrals appearing in (34) are symmetri frational generalizations of the
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ordinary Laplaian (see Appendix 1)
△µ2 f(x) = Γ(1 + µ) sin(piµ/2)
pi
∫
dy
f(y)− f(x)
|x− y|1+µ , (35)
and equation (34) an be reast into a more onise form:
∂p
∂t
= e−βΦ/2△µ2 eβΦ/2 p− p eβΦ/2△µ2 e−βΦ/2 (36)
≡LG,µ p. (37)
Again, the similarity to the underlying master-equation is obvious. Trivially,
detailed balane is retained in the limit and the Boltzmann distribution is the
stationary state of (36). Note that for µ = 2 we reover system (28), i.e.
LG,2 = LFP . (38)
However, in the range 0 < µ < 2 the operator LG,µ does not portray a situation
equivalent to any of the equations disussed above and does not orrespond
to any Langevin equation of the type
dX = F (X)dt+ dLµ(t) (39)
in whih the long-tailed inuene is inorporated into the thermal utuations
by a symmetri Lévy stable proess Lµ(t). In [37℄ the dierene between the
frational Fokker-Plank equation orresponding to Lévy-stable additive noise
and the topologial generalization is investigated in detail.
4 Comparison of systems in a double well potential
We proeed by showing that the two generalizations of the FPE leading to
Boltzmann statistis in equilibrium (one based on the fratal time, another
on the fratal spae approah) dier strongly in their preditions onerning
relaxation in the same kind of potential. For our omparison we have hosen
a lassial Kramers situation, i.e. diusion in a double-well potential. As a
generi double well we hose
Φ(x) = x4 − 2x2 + 1 (40)
depited in the upper left panel of gure 3. Initially a partile is plaed at the
potential minimum at x = −1, p(x, 0) = δ(x + 1). The solutions p(x, t) are
depited at three dierent times (t = 0.03, 0.1, 1.0) in gure 3 for a value β =
5.0 and an exponent µ = 1. The frational diusion equations were numerially
solved by rst mapping them onto the orresponding hermitian Hamiltonian
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Figure 3. Evolution of densities p(x, t) in the double well potential Φ(x) (upper left)
at three dierent times: t = 0.01 (upper right), 0.1 (lower left) and 1.0 (lower right)
for β = 5.0 and µ = 1 with initial ondition p(x, 0) = δ(x + 1) in relation to the
stationary state (thin solid line). The diusion proess equilibrates quikly within
the left potential well and does not pass the barrier for short times. In ontrast, the
superdiusive proesses transfer probability even for small times and remain peaked
at x = −1 for muh longer.
H and subsequent spetral deomposition H = ∑n λnPn where the λn and Pn
are eigenvalues and projetors onto the orresponding eigenspaes. Solutions
p(x, t) were then expressed in term of these quantities.
Let us rst note that the time-sales of the relaxation proesses for the ase
of normal diusion and for Lévy-proesses dier vastly. The typial times
of the onentration equilibration (being the inverse of the largest nonzero
eigenvalue) are: τC = 20.36 for the diusion proess (2), τC = 4.51 for the
subordination ase (µ = 1) and τC = 3.93 for the ase of long jumps with the
same value of µ = 1. A muh greater value of τC for the ordinary diusion
proess is not surprising. In a short time it equilibrates within the left potential
well. However, due to the ontinuity of its sample paths, the diusion proess
aumulates probability in the right potential well only for long times. In
omparison, the subordination proess as well as the proess governed by (37)
an pass the potential maximum at x = 0 even for short times, a diret
onsequene of the possibility of initiating a long jump from left to right.
The possibility to transmit probability through the potential barrier is payed
o by a slower equilibration within the left potential well in whih p(x, t) for
13
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Figure 4. The shape of pL(x, t) (left) and pR(x, t) (right) for subordinative and
topologial superdiusion at t = 0.1, β = 5.0 and exponent µ = 1. Note the dierene
in sale on the left and right, respetively. Despite the fat that these proesses are
idential if Φ = 0, they respond quite dierently if a potential is imposed.
both, subordination and topologial superdiusion stay sharply peaked around
x = −1. This usp-like shape in the left potential well is reminisent of the
lassial Sher-Montroll piture of CTRW. Despite their qualitative similarities
in the overall shape of p(x, t) subordination and topologial superdiusion are
quite distint on lose inspetion as is shown in gure 4.
In order to avoid huge dierene in sales, we plot in gure 4 the redued
densities in the left and in the right potential wells, i.e. the densities whih
are normalized to unity on the given sub-interval and for the given time:
pL(x, t) =
p(x, t)∫ 0
−∞ dy p(y, t)
(41)
pR(x, t) =
p(x, t)∫∞
0 dy p(y, t)
(42)
Clearly, the shapes dier strongly on both sides of the potential.
In order to reveal the dierenes in barrier penetration it is instrutive to
onsider the time dependene of the total probability in the right potential
well
Q(t) =
∞∫
0
dx p(x, t), (43)
and the rate r(t) dened by
r(t) = −1
2
d lnQ(t)
dt
. (44)
Asymptotially, as t→∞ the proesses investigated here evolve aording to
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Figure 5. The time dependent rate r(t) for ordinary diusion, subordination and
topologial superdiusion in the double well. Parameters are β = 5.0, µ = 1.
p(x, t) ≈ ps(x)− (ps(x)− p0(x)) eλ1t λ1 < 0. (45)
where ps(x) and p0(x) denote the stationary and initial states of the system,
respetively. Therfore, r(t)→ −λ1 as t→∞, the rate approahes the inverse
of the relaxation time onstant of the proess. In other words, the funtion
r(t) measures how fast the probability transfer aross the barrier approahes
the quasi-equilibrium value. For the same parameters as in gures 3, 4 the
rate r(t) is depited in gure 5. The ordinary diusion rate is initially zero
and inreases as soon as the proess equilibrates within the left potential
well. It then levels o to a relatively small onstant value proportional to the
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probability ux aross the barrier. In ontrast, for the superdiusive systems
the rate to transfer probability over the barrier is nite even for very small
times. For the latter r(t) inreases more slowly than in ordinary diusion.
However, the asymptoti rate is higher. Note that the subordination proess
penetrates the barrier at relatively high but almost onstant rate for the entire
time, whereas for topologial superdiusion the rate is initially smaller but
inreases for large times beyond the subordination rate.
5 Conlusions
We disussed dierent generalizations of a Fokker-Plank equation for the ase
of Lévy proesses in external fore elds. We show that suh generalization
an proeed along dierent lines (assuming strong temperature or mobility
utuations or allowing for long jumps), whih lead to dierent forms of the
generalized operator. We onned ourselves to situations in whih the orre-
sponding equations are thermodynamially sound and their solutions approah
Boltzmann equilibrium. The dierent relaxation behaviors of Lévy-proesses
were investigated and ompared for the paradigmati ase of a double-well
potential and deviations from normal diusion were laried.
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A Frational Dierentiation
The operators involved in frational dierentiation are generially non-loal.
Thus, depending on the partiular hoie of boundary values a variety of gen-
eralizations exists, all of whih suit a spei need in physial appliations.
Depending on the spei problem at hand dierent representations of fra-
tional dierential operators may be hosen. Here we onentrate on a frational
generalization, △µ/2, 0 < µ ≤ 2 of the ordinary Laplae operator △ generi-
ally enountered in superdiusive systems. The reader is refered to [38℄ for
additional information on frational alulus in general.
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A.1 Denitions
Inidentally, the most natural way to introdue frational dierential operators
is based on the generalization of the n-fold iterated integral of a funtion f(x)
aI
n
x f(x) ≡
1
(n− 1)!
x∫
a
dy f(y)(x− y)n−1 = 1
Γ(n)
x∫
a
dy f(y)(x− y)n−1 (A.1)
to arbitrary frational order α > 0,
aI
α
x f(x)≡
1
Γ(α)
x∫
a
dy f(y)(x− y)α−1 (A.2)
xI
α
a f(x)≡
1
Γ(α)
a∫
x
dy f(y)(y − x)α−1, (A.3)
where we distinguish between the right- and left-handed frational integrals
aI
α
x and xI
α
a , respetively. A frational derivative of order µ whih is frequently
employed in physial appliations is given by the nth ordinary derivative of the
frational integral of order 0 < n− µ ≤ 1, where n = [µ] + 1. In other words,
aD
µ
xf(x)≡
dn
dxn
aI
n−µ
x (A.4)
xD
µ
af(x)≡
dn
dxn
xI
n−µ
a . (A.5)
Note that sine the distintion between left- and right-handed frational in-
tegrations is passed on to frational dierentiation, frational derivatives are
not symmetri with respet to interhanging their subsripts. The denitions
(A.4,A.5) imply that
aD
m
x =
dm
dxm
= (−1)mxDma m = 0, 1, 2, ...
That is, frational dierentiation is proportional to ordinary dierentiation for
integer values of the exponent.
1
By sequential partial integration (A.4) an
be reast into
aD
µ
xf(x) =
n−1∑
k=0
f (k)(a)
Γ(1 + k − µ)(x− a)
k−µ +a I
n−µ
x
dn
dxn
(A.6)
1
To reover symmetry for integer values of the exponent m one frequently en-
ounters an alternative denition of the left-handed frational derivative, namely
xD
µ
af(x) ≡ (−1)n dndxn xIn−µa whih inludes the pre-fator (−1)n in the denition.
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Therfore, the operations of frational dierentiation and integration generally
do not ommute. However, if we let a→ ±∞ and require that lima→±∞ f (k)(a) <
∞ (A.4) and (A.5) yield
−∞D
µ
xf(x) =
1
Γ(n− µ)
x∫
−∞
dy
f (n)(y)
(x− y)µ+1−n (A.7)
xD
µ
∞f(x) =
1
Γ(n− µ)
∞∫
x
dy
f (n)(y)
(y − x)µ+1−n . (A.8)
In frational diusion equations the symmetri frational generalization of
the Laplae operator frequently appears. Its one dimensional variant an be
dened in terms of aD
µ
xf(x) and xD
µ
af(x) by
△µ2 ≡ − 1
2 cos(piµ/2)
{−∞Dµx +x Dµ∞} 0 < µ ≤ 2. (A.9)
The partiular ase of △ 12 requires some are. Although the denition (A.9)
does not give a useful result for µ = 1, sine both numerator and denominator
vanish, the limit µ → 1 an be interpreted onsistently as will beome lear
below. Partial integration of (A.7,A.8) and insertion into (A.9) yields
△µ2 f(x) = − 1
2 Γ(−µ) cos(piµ/2)
∞∫
−∞
dy
[f(y)− f(x)]
|x− y|1+µ . (A.10)
Sine limµ→1Γ(−µ) cos(piµ/2) = −pi/2 the operator △ 12 is well dened, i.e.
△ 12 f(x) = 1
pi
∞∫
−∞
dy
[f(y)− f(x)]
(x− y)2 . (A.11)
Clearly, △ 12 6= ∇ = d/dx, the square-root of the Laplaian is symmetri,
whereas the rst derivative is not
2
The operators −∞D
µ
x , xD
µ
∞ and△
µ
2
, possess
a partiularly simple form when the equation involved are Fourier transformed.
If we dene the Fourier transform of f(x) by
F [f ](k) ≡ f˜(k) =
∫
dx eikxf(x) (A.12)
the transformed equations (A.7), (A.8) and (A.10) read
2
In the literature the symbol ∇µ is frequently used instead of △µ2with an lead to
some onfusion if µ = 1.
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F [−∞Dµf ](k)= (−ik)µf˜(k) (A.13)
F [Dµ∞f ](k)= (ik)µf˜(k) (A.14)
F [△µ2 f ](k)=−|k|µf˜(k). (A.15)
Thus, the Fourier transform of frational dierentiation is equivalent to a mul-
tipliation by |k|µ. Beause of this, the investigation of equations ontaining
operators suh as △µ2 is usually muh easier when expressed in Fourier spae.
The simpliity of eqs. (A.13), (A.14) and (A.15) is often a reason to hose the
latter as denitions of frational derivatives. On the other hand, the orre-
sponding integral representations (A.7), (A.8) and (A.10) oer a more diret
piture of the harateristi properties of the orresponding operator. For ex-
ample, the Cauhy proess obeys ∂tp˜(k, t) = −|k|p˜(k, t) in Fourier spae, a
simple equation indeed. By inverse Fourier transform this gives
∂tp(x, t) = (△ 12p)(x, t) (A.16)
=
∫
dy [w(x|y)p(y, t)− w(y|x)p(x, t)] (A.17)
w(x|y)= 1
pi(x− y)2 (A.18)
In ontrast to the Fourier representation it is obvious from eqs. (A.17) and
(A.18) that the frational operator △ 12 is non-loal, involves singularities and
appearing in the example given above desribes a jump proess, a fat not
readily available in Fourier representation.
To omplete the piture, let us mention that the form (A.15) of the frational
Laplae operator an be generalized to arbitrary dimensions n. Let f(x) be
a funtion on R
n
and f˜(k) the orresponding Fourier transform, then △µ2
dened by
F [△µ2 f ](k) ≡ −|k|µf˜(k) (A.19)
yields upon Fourier inversion the integral representation
△µ2 f(x) = −
2µΓ
(
µ+n
2
)
pin/2Γ
(
−µ
2
) ∞∫
−∞
dny
[f(y)− f(x)]
|x− y|µ+n (A.20)
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